Singlet fission is commonly defined to involve a process by which an overall singlet state with local triplet structure spin-decoheres into two triplet states, thereby completing the fission process. This process, often defined in loose terms involving the multiplicity of the overall state, is investigated here using a uniform Heisenberg spin-chain subject to a dephasing environmental interaction. We introduce new results from quantum information theory which enables the quantification of coherence and entanglement in a bi-and multipartite system. The calculated measures of these quantum effects can be linked to observables, such as magnetisation and total spin, with simulations of the model and using theoretical methods. We demonstrate that these observables can act as a proxy for the coherence and entanglement measures. The decay of both of these between the two local triplets can be monitored, enabling a clear definition of the spin-decoherence process in singlet fission.
I. INTRODUCTION
Singlet fission (SF) is a process which has received increased interest with the possibility to be utilised in a wide range of applications [1] [2] [3] [4] . For instance, the creation of two electronic excitations by absorbing one photon could lead to an increase in the efficiency of photovoltaics beyond the Schockley-Queisser limit [5, 6] . The application of a transparent layer of SF-capable material onto a solar cell and the subsequent harnessing of highenergy photons has the potential to increase the efficiency of even the best currently available cells. As such, understanding the mechanism of SF is of great importance in order to be able to tune materials to desired properties.
Singlet fission, especially in carotenoids, has also been observed in nature. For instance, in light-absorbing complexes of bacteria, carotenoids have been found to absorb in the blue-green region of the visible spectrum, complementing the absorption of longer wavelengths by the chlorophyll complexes. Simultaneously, they act as triplet quenchers for the chlorophyll, preventing the formation of singlet dioxygen in living cells [7] [8] [9] [10] .
Although ubiquitous in nature and likely useful in technology, little is known about the actual process of SF. Several schemes of the singlet decay have been proposed, and the most commonly encountered and currently favoured picture is shown in Fig. 1 [11] [12] [13] . The debate in the current literature especially involves the second and third steps, which have been characterised as first losing electronic interaction, mainly by the triplet states migrating away from each other, and second the loss of spin coherence and the emergence of overall independent triplet states, i.e. non-geminate triplet pairs. Steps 1 and 2, if they can be characterised as above, are spin-allowed processes and are therefore expected to happen on a faster time scale than the third step, which necessarily involves an interaction of the spins with an ex-ternal field. This interaction can be with either nuclear spin, other electrons, or other local or global magnetic fields, which allow for an acquisition of overall spin in the third step and, in particular, for S 2 = 0.
Experimentally it has been observed in π-conjugated polymers, e.g., polydiacetylene [14] and oligo(thienylenevinylenes) [15] , that an optical excitation above the S 2 (i.e. 1 1 B + u ) manifold band edge leads to the creation of non-geminate pairs of triplets. These non-geminate pairs are observed on a timescale of tens of nanoseconds [6] . The precise mechanism for this process in polymers is not fully understood, but intermediate highly-correlated singlet states with significant triplet pair (or bimagnon) character are believed to participate. Candidate states are the 2 1 A − g (S 1 ) state, and the slightly higher in energy 1 1 B − u and 3 1 A − g states. Recent theoretical modelling by Valentine, Manawadu and Barford [16] of the Pariser-Parr-Pople-Peierls model of π-conjugated electrons has identified the 3 1 A − g state as a viable candidate for this intermediate state. As shown in [16] , the 3 1 A − g state corresponds to a pair of unbound triplets (in contrast to the 2 1 A − g state, which is described as a pair of bound triplet states [17] [18] [19] [20] ). The 3 1 A − g state may thus be labelled as 1 (T · · · T), meaning that it is a pair of electronically uncoupled, but quantum mechanically entangled pair of triplets (i.e., a geminate pair). It is the loss of entanglement of this triplet pair that we describe in this paper.
To do so, we will consider the last step of the scheme in Fig. 1 , the spin decoherence, and just assume that the system has undergone the first two steps in some way (if applicable), leading to a pair of paired triplets with overall singlet multiplicity, so-called geminate triplets. Given the nature of this triplet pair state and the spin pairing within it, it will have a 'memory' of its previous state -the triplets making up the 1 (T · · · T) state are not independent. The loss of this information connecting the triplets is what we define as singlet fission, in particular the loss of spin coherence. The questions then arise, how can we define the loss of spin coherence and motivate such a definition theoretically, and how can it be observed. [16] . The initially excited singlet state interconverts (if necessary) into a singlet state with local triplet character. Via electronic decoherence the triplets dissociate forming a geminate triplet pair, which subsequently decoheres into two truly independent triplets. The proposed time scale for the third step is on a different order of magnitude than the first two.
In section II we, therefore, introduce the Hamiltonian used to model a uniform spin chain, including the basis set employed to investigate singlet fission. This is followed by the discussion of environmental effects, incorporated using a Lindblad master equation, by which the steady states are investigated. We will show that equations of motion can be derived for observables, as well as for quantum measures on entanglement and coherence, and that these show the same decay rate. In section IV we will then compare the theoretical predictions to numerical simulations and show that we can use observables as proxies to investigate quantum effects.
II. MODEL HAMILTONIAN

A. Uniform Heisenberg Chain
As described in the Introduction, the candidate 1 (T · · · T) state in π-conjugated polymers is the 3 1 A − g state: an electronically uncoupled but spin-correlated triplet pair (or bimagnon). This state is almost entirely covalent in character, i.e., it has negligible electron-hole character [16] . As such, it is accurately described by the Heisenberg model of antiferromagnets, which may formally be derived in the large U limit of the Pariser-Parr-Pople model [20] . The uniform antiferromagnetic Heisenberg model is given as,
whereŜ i is the spin operator of spin i coupled to its nearest neighbours with coupling strength J > 0. We keep the model intentionally simple to ease solving the relevant equations. However, it is straightforward to introduce additional terms, such as dipolar coupling, or dimerize the chain to model alternating bond lengths. The basis used to expand the Hamiltonian is a local spin basis with states {|σ i } where |σ i = |σ 1 σ 2 . . . σ N and each σ denotes the eigenvalue of theŜ z i operator, which can take the values ± /2, corresponding to the states |↑ and |↓ for each site. The groundstate of this model is generally a singlet state if J > 0, giving rise to the correct anti-ferromagnetic behaviour. We will discuss the basis set used for the chains in more detail below.
As the spins considered in this work are located in πorbitals which have non-zero orbital angular momentum, they will, in general, couple to this via spin-orbit coupling (SO). As this effect is rarely incorporated into a Heisenberg model we will now introduce the corresponding operator.
B. Spin-Orbit Coupling
Spin-orbit (SO) coupling has previously been used in the U V -Hubbard model [21] and we can map the Hamiltonian onto the Heisenberg model (see App. A) to obtain,
wheren iσ is the number operator for spins in state σ on site i andŜ ± i =Ŝ x i ± iŜ y i are spin-flip operators for site i. The SO Hamiltonian couples explicitly states which differ in exactly one pair of adjacent spins that are in the same spin state. For instance, it couples the |↑↑ and |↓↓ states of a two-spin system. For the minimal size problem of four spins it couples the singlet with the quintet states, while the triplets only couple to each other. For instance the state |↑↑↓↓ couples to the state |↑↑↑↓ (and others) while state |↑↓↑↑ only couples directly to the state |↑↓↓↓ . The singlet-quintet coupling is important for singlet fission, as it can convert the 1 (T · · · T) state into a 5 (T · · · T) state that can then spin-allowed decohere into two uncoupled triplets which can be harvested.
However, spin-orbit coupling is small in most organic semiconductors due to the absence of heavy elements in the molecular structure. In order to make the generation of triplets efficient other effects have to be harnessed. Interactions with an environment, for instance nuclear degrees of freedom or coupling to nuclear and external spins and magnetic fields, is expected to make the generation of triplets more efficient due to a weakening of the spin-conservation requirement. This is discussed in Section III.
C. Basis Set
As discussed above, the 1 (T · · · T) spanning the entire chain has to decay into two independence triplets for singlet fission to be complete. As we have a uniform model and no disorder in our system such triplet states will, by necessity, localise on a half-chain and a suitable basis has to be adapted. To this end, we construct the basis of the full chain of length N from the eigenbasis of a Hamiltonian covering the half-chains of length L = N/2.
The basis set of the full chain of length N is made up of the eigenbasis of the HamiltonianĤ L describing the a halfchain. Due to symmetry the eigenbasis sets will be identical for each half-chain and will be indexed with l and r to denote the respective half-chains. IfĤ lr = 0 then the direct product of bases is also an eigenbasis of the full chain of length N .
Due to the symmetry of our system, this diagonalisation of the half-chain has to be completed only once. Fig. 2 shows a schematic of how the basis is constructed. Sincê H lr = JŜ L ·Ŝ L+1 = 0 the direct product basis of the halfchains will not be an eigenbasis of the full chain and we find the eigenstates by diagonalising the full Hamiltonian as,
In turn, each half-chain state can be written in a (physical) spin basis as,
where |σ j = L i=1 |σ i is a spin-state in the local basis {|σ i }, which can take values {|↑ , |↓ } for each site. These half-chain states can then be used to construct fullchain basis states, such as |T +1 l ⊗ |T +1 r , in which we can express the eigenstates ofĤ N . Naturally, as these are also eigenstates ofŜ z andŜ 2 , we can assign spin and magnetic quantum numbers to the full chain states and decompose these within the combined half-chain bases.
The choice of this basis allows an easy identification of half-chain states combining to an overall state. For instance, the state |T +1 l ⊗|T −1 r can combine with other states to give a representation of the 1 (T · · · T) state, highlighting the local triplet character for each half-chain.
The basis set described allows for a natural bipartitioning of the full chain, and the notion of coherence and entanglement can then be readily investigated in this half-chain basis.
D. Interaction with an Environment
The quantum-mechanically exact evolution of a system coupled to an environment and described by a den-sity operatorρ SE is given by the Liouville-von Neumann equation, which is the density operator equivalent of the Schrödinger equation, and given as,
whereĤ is the Hamiltonian describing the system, bath, and all interactions between them and [A, B] denotes the commutator. By assuming that at time t = 0 no correlations exist between the system and the bath, and that all subsequent correlations are short-lived (the Born and Markov approximations, respectively) an effective equation-of-motion can be derived in which the environment has been traced out, viz.
where {|s } and {|e } denote the basis for the system and the environment, respectively. By transforming the equations into the Interaction Picture the systemenvironment interaction will give rise to an additional term for Eq. (5) [22] . The resulting Lindblad master equation has as its first term the Liouville-von Neumann equation for the system degrees of freedom only, while the second term includes the interaction of the system with the environment,
(7) Here, γ is the Lindblad coefficient, quantifying the strength of the interaction between system and bath,L m is the Lindblad operator which contains the action of the bath on the system, and {A, B} denotes the anticommutator. Note that the first term only contains information about the system degrees of freedom and as suchĤ S acts on the system alone. We will drop the index S from now to improve legibility and because all environmental degrees of freedom are now implicitly incorporated in the Lindblad operators.
We can use the Lindblad equation to derive equationsof-motion for observables. By noting that,
and using Eq. (7) we find,
where ... denotes the expectation value at time t with respect to the state ρ(t). Similarly, if we can find a closed expression forρ then we can use Eq. (8) directly to calculate how the observable changes in time, as we will do in Section III.
E. Coherence and Entanglement Measures
In recent years the study of entanglement and coherence as a resource has drawn considerable attention. Central to these quantum resource theories (QRTs) [23, 24] is the notion that a quantum phenomenon is a resource that can be used to create certain states of systems, similar to the more conventional idea of a resource. Within this framework, which goes far beyond entanglement and coherence, states are classified according to whether they are free or prohibited given a certain operation. QRTs state, for instance, that any decoherent state can be converted into any other decoherent state given what is called incoherent operations. But in order to create a coherent state from an incoherent one, the coherence has to be obtained either by creating it given a certain operation, which is not incoherent, or it has to be coupled to a second system or environment which has coherence.
Similar considerations hold for entanglement. Free operations will conserve or destroy entanglement, but never create it. The coupling to an environment or second system once again creates the opportunity to transfer entanglement.
The importance of QRTs, beyond their fundamental interest, is that recasting entanglement and coherence as a resource axiomatically allows these to be measured and quantified. As such we can investigate the amount of coherence and entanglement over time. The resulting quantum measures on these resources are metrics which decay monotonically with the resource and vanish if none is present in the system. Of the measures proposed for coherence we have chosen the l 1 -measure [23] due to its straightforward definition, which allows for calculation by hand,
Evidently, this measure vanishes if the off-diagonal entries in the corresponding density matrices vanish, i.e. if no coherence is present. Entanglement measures are more difficult to compute, generally, because they do not show in a density matrix as obviously as coherences. The negativity of a density matrix which has been partitioned into two sub-systems, A and B, between which we want to measure the entanglement, has been proposed as a numerically accessible entanglement measure [24] , making use of the Horodecki criterion [25] . Its value is given as,
where1 1 A is the identity operator on subsystem A,T B is the transposition superoperator on subsystem B, and ||·|| tr is the trace norm. For an unentangled system the transposition of sub-system B will not affect the singular values of the full density operator,ρ AB , which add up to 1, causing the negativity to vanish. This is no longer true for an entangled system, whose density matrix spectrum will change under partial transposition, giving the negativity a non-zero value, and therefore indicating entanglement between the two sub-systems. Instead of using the negativity directly, we use a logarithmic variant, which is a valid measure because the logarithm is monotonic and we define,
For a bipartite system with two states per subsystem this measure is 1 for a maximally entangled state, the logarithm therefore normalises the negativity. If both coherence and entanglement vanish in time, and we can exclude the possibility of these being generated by an interaction with the environment (see App. B), then we can define the timescale on which singlet fission is truly complete, as the entanglement and coherence between the two triplets vanishes and non-geminate triplets are produced.
III. EQUATIONS OF MOTION
The two types of interaction considered here correspond to the Lindblad operatorsL m =Ŝ ± m / , which is a local spin-flip environment, andL m =Ŝ z m / , which induces spin dephasing in the system. We will now discuss both cases briefly before presenting numerical results.
A. Longitudinal Relaxation
One choice of environmental interaction is with (local) magnetic fields inducing spin flips. In this caseL m = S + m / orL m =Ŝ − m / or a statistical mixture of both, for instanceL
for equal probabilities. It is shown in App. B that this operation is an incoherent operation. Using Eq. (9) we can find the equations-of-motion for observables. For instance, the local magnetisation on site i evolves as,
where denotes the case for longitudinal relaxation. Here, the first term is the precession of the spin around the quantisation axis, the second term is due to the spinorbit coupling, flipping parallel spins on neighbouring sites, and the last term is longitudinal relaxation (in-dicated by ), which is equivalent to that observed in magnetic resonance experiments with a relaxation time of T 1 = γ −1 . We can find the total magnetisation of the sample by summing over the sites,
Unsurprisingly, the effect of the spin-flipping environment is that the magnetisation of the system is not conserved. We will come back to this in Section IV, when discussing numerical results and steady states. The effect of the spin-flip interaction of the system with an environment is closely related to the effect of spin-orbit coupling, as both allow for spins to be flipped, leading to a change in the magnetisation of the sample. As the spin-orbit coupling is part of the system Hamiltonian, and therefore incorporated within the model if A = 0, we can use a different system-environment interaction to model a more complex (and realistic) situation, namely transverse relaxation.
B. Transverse Relaxation
Spin Observables
A different choice of environmental interaction is to consider other spins coupled to each site, for instance nuclear spins or other electrons, by usingL m =Ŝ z m / . As above, it is straightforward to show that this is a free operation as shown in App. B. The action ofL m = S z m / is to give any spin in state |↓ a phase of π while leaving spins in state |↑ unchanged. Two neighbouring |↑↓ spins dephase accordingly. The resulting mixed state will show less coherence between states in the half-chain basis, as we will discuss below. The dephasing can also be understood in terms of the expectation values of the spin-operators. The magnetisation is constant under this environment, while the S x and S y values decay in time. We can once again investigate the magnetisation of the system as it evolves in time by deriving the equation of motion. We find, For the other components of the spin-vector we can find, for instance,
showing a damping term for the transverse components, akin to transverse relaxation in magnetic resonance experiments with a decay time of T 2 = 2γ −1 , and indicated by ⊥.
Steady States
Before describing our numerical results, we now discuss the steady state solutions of the Lindblad equation, Eq. (7) . This has several stationary states which correspond to the kernel of the augmented Liouvillian, i.e.,
whereˆindicates a superoperator. Vectorising the density matrix then shows the similarity with the kernel when finding the stationary states as we require the solution to,˙ ρ = L +D ρ = 0,
where indicates a vectorisation. It is evident from Eqs. (18) and (19) that the condition for a stationary state is that the effects of the unitary evolution and the dissipator have to cancel out, or both have to vanish. It is easier to find conditions under which both contributions vanish.
The unitary contribution,Lρ, vanishes ifρ is in some linear combination of the eigenstates ofĤ. Let |σ σ| be such eigenstates, then any states which can be written as,ρ
where N is the dimensionality of the Hilbert space associated withĤ, will commute withĤ andLρ 0 = 0.
The dissipator,Dρ, for such a state yields,
This sum can, naturally, vanish in many different ways and it depends on the nature ofL m and the states |σ σ| if it does or does not. However, we can easily draw up some conditions under which the sum will vanish. We could impose a stronger condition, namely, that each term vanishes, and as such,
which is fulfilled ifL m =L † m , i.e. ifL m is hermitian, and if |σ σ| ,L m = 0, i.e. if |σ σ| is also an eigenstate ofL m . Thus, ifL m is hermitian and shares an eigenset withĤ, then any diagonal state is a stationary state of the Lindblad equation. We can show this explicitly by decomposing the density matrix into unitary and dissipating contributions, viz.
ρ =Lρ +Dρ =ρ uni +ρ diss .
The second term acts as a damping term and as the unitary term will induce oscillations between eigenstates of the Hamiltonian, the dissipator will need to force the state into a state that commutes with the Hamiltonian.
For a hermitian operatorL m the dissipation term can be written as,
IfL m is involutary (i.e.L 2 m =1 1) then the first two terms can be compressed and we find,
L m =Ŝ z m / fulfils the condition set out above (with a prefactor of 1/4). We can now decompose the density matrix into a diagonal and an off-diagonal part,
where ρ i are the populations and i ρ i = 1. If we choose the basis states to be eigenstates of the on-siteŜ z m operators, i.e. we adopt a local spin basis, then we can write,
Due to the hermiticity ofŜ z m the operator acts on the bra and ket in equal ways and will produce an eigenvalue of ± 2 /4. We then find,
But, S z m,i 2 = 2 4 for any site in any state and we can re-write,
where S ij = 1 2 m S z m,i S z m,j . The last term can be simplified by using the Hadamard product, which corresponds to element-wise multiplication of matrices, denoted . In matrix representation the last line then takes the form,ρ
The form of Eq. (31) shows that the dissipator will act on each off-diagonal element individually (i.e. no convolution of elements) and not on the diagonal elements at all. By projecting out a given element this becomes more obvious, viz.,
The value of S ij is determined by the number of aligned spins between the two states |i and |j . In the case of perfect alignment, which corresponds to a diagonal entry (i = j) in the density matrix, we have S ii = N/4 and the decay rate is 0, showing that diagonal entries are not affected by the dissipator. For the case of perfect anti-alignment (which is the anti-diagonal of the density matrix and we will denote such a state by |i ī |) we have S iī = −N/4, showing that anti-diagonal entries in the density matrix vanish the most quickly. All other states will have decay rates between 0 and −N/2 varying in steps of 1/2. The more aligned states are, i.e. the fewer spin flips have to be performed to convert state |i into |j , the longer-lived any coherence between the states will be. This can be illustrated for the N = 4 case: for instance coherence between the states |T +1 l |T +1 r and |T −1 l |T −1 r will decay with a rate of −2γ, which is the maximum decay rate.
Quantum Measures
We can solve the differential equations in Eq (32) straightforwardly to find,
where Γ ij is the entry-dependent decay rate which is 0 for i = j and otherwise the prefactor in Eq. (E10). We can use this result to estimate the decay of observables and quantum measures. The l 1 -measure of coherence (see Eq. (10)) is then given by,
The slowest decay rate will naturally bound the value of C l1 from above and this decay rate is applicable to coher-ence elements that share only one aligned spin between the two states and is γ/2 and hence,
We can therefore see that γ influences both observables and the coherence measure in the same way, making the former a potential proxy for quantum effects.
We can also show that the entanglement measure presented in Eq. (12) will decay exponentially if the offdiagonal elements do so. Consider an entangled state of a two-spin system, i.e. a generalised Bell state, which can be written as,
where the elements ρ ij are now functions of time. We need to calculate the trace-norm of the partially transposed system, which corresponds to the sum of the singular values. We find the negativity then as,
and as the state is pure before transposition and will remain so throughout the interaction we have ρ 22 (t) + ρ 33 (t) = 1 and hence, E N (t; ρ) = log 2 1 + 2 ρ 23 (t)ρ 32 (t) .
If the off-diagonal elements decay exponentially with some decay rate Γ then,
showing that the entanglement also decays exponentially. We can once again take the slowest decay rate to find an upper bound and hence,
These environmental effects on the systems described above have been numerically simulated and we present the results in the following section.
IV. NUMERICAL RESULTS
As we are interested not just in the time evolution of observables, but also in quantum effects, a simulation of the entire density matrix of a system under investigation is required. For an N site full-chain the Hilbert space has dimensionality 2 N and as such 2 2N equations of motion (one for each matrix element) have to be integrated. Combined with the construction of our basis, only a limited number of system sizes are accessible via numerical integration of all equations. Using a fourth-order Runge-Kutta method we were able to solve the minimum-size problem of N = 4, as well as N = 8 and N = 12. The Lindblad coefficient, γ, has units of inverse time and all results are presented in re-scaled time, τ = tγ, where t is the physical time. The value of γ describes the coupling strength between the system and environment and is a non-trivially determined parameter.
All numerical simulations have been performed with the dephasing environment (L m =Ŝ z m / ), leading to transverse relaxation. We chose this environment as the effects from longitudinal relaxation are incorporated into the model via spin-orbit coupling.
We will now first discuss the influence of spin-orbit coupling on the observables using the N = 4 case as an example.
A. Spin-Orbit Coupling
The numerical results for the case of N = 4 with varying values of A/J are plotted for the total energy, magnetisation, and spin in Fig. 3 . As we initialise the system in the 1 (T · · · T) state the energy is initially positive, while both spin and magnetisation have a value of 0. For small values of A/J ≤ 0.01 the evolution of all three observables is monotonic: the energy decreases to a value of -0.25J, the magnetisation remains close to 0, while S 2 increases to 2 2 . Changing A/J to larger values leads to significant changes in the time-evolution of these observables. The energy now approaches 0, while the magnetisation converges on /4 and the spin approaches values of 3 2 . When A J we also see oscillations for the short-time regime that are damped out over time.
The explanation of these results is as follows: if A J the perturbation on the system is negligible. As we initialise the system in a singlet state, all interactions Conserving magnetisation, the initial state can evolve into the singlets, the three triplets with M S = 0, and one quintet with M S = 0. Averaging over the respective values of S 2 for these states yields S 2 = 2 2 , which is the limiting value we find for long times. This implies that the state has evolved into a statistical mixture of the states described. Indeed, the diagonal density matrix elements for τ > 10 are 1/6 for those elements, while 0 for all others. Tab. I shows all eigenstates of the N = 4 chain with their respective observables and energy. With increasing influence of the spin-orbit coupling, S z is no longer conserved and within the physical site basis neighbouring spins in the same state can be flipped, changing S z in steps of ± . As a result, the quintet states with M S = ±2 become accessible and the expectation values of the observables change accordingly, as shown by numerical results. Fig. 4 shows the coherence and entanglement measures as defined in Eqs. (10) and (12) where for the latter the bipartioning into the two half-chains was chosen. Both measures decay rapidly with τ , with the coherence and n S 2 / 2 S z /( /2) E /J S1 1 0 0 - 1.61  T1 2-4  2  -1,0,+1  -0.96  T2 3-7  2  -1,0,+1  -0.25  S2  8  0  0  0.12  T3 9-11 2 -1,0,+1 0.46 Q1 12-16 6 -2,-1,0,+1,+2 0.75 TABLE I. Eigenstates of the uniform Heisenberg chain for N = 4 with expectation values of the total spin, magnetisation, and energy. The labels denote singlet (S), triplet (T), and quintet (Q) multiplicity. Note that the 1 (T · · · T) state is the S2 state. entanglement having reduced by about 50% by τ = 1, and only for A J can an effect of the spin-orbit coupling be seen, namely in non-monotonic behaviour. The robustness against the spin-orbit coupling of these effects implies that their decay is primarily caused by coupling to the environment. As the environmental effects also largely affect the change in the observables, a link between the observables and the quantum measures can be established.
Another feature that can be seen for A/J = 1 is the synchronous change in the coherence and entanglement measures. Fig. 5 shows a normalised version of these measures, defined by ∆µ(τ ;ρ) = µ 1 (τ ;ρ) − µ 0 (τ ;ρ)
where µ is either of C S or E N and the index 1 and 0 denote the cases for A/J = 1 and 0. The subtraction of the A/J = 0 case ensures the removal of the underlying exponential decay as far as possible. It is evident that coherence increases when entanglement decreases and vice versa. This is in agreement with recently reported theoretical work [26, 27] , indicating that these two resources can be converted into each other and that spin-orbit coupling can aid this process. While instructive, N = 4 is not representative of most systems that undergo singlet fission. In particular, carotenoids are significantly larger systems with N of around 18. While a system that size is beyond our study here, we will now present numerical results for the N = 8 and N = 12 cases, choosing both cases of A = 0 and A = J.
B. Size Effects
With increasing system size the number of available states increases, as does the number of states with S z = 0, ± , .... The arguments laid out in Section IV.A still hold, but the numbers for the observables have to be adjusted. Fig. 6 shows the observables for chains of size 4, 8, and 12 for the two cases of A/J. As can be seen, for increasing N the oscillations for A/J = 1 are increasingly damped out. In general, A/J = 1 tends to raise the energy of the final state compared to the A/J = 0, for which the stationary state reaches E = −0.25J, regardless of system size. With an increase in the number of sites the Hilbert space grows exponentially and, as a result, the number of system accessible states grows as well. While for A/J = 0 an equal population of these states always yields the same energy; for A/J = 1 we see a size dependence, as for increasing N the energy difference of the stationary states for A/J = 1 and A/J = 0 will decrease. For the other observables we see a similar damping of oscillations. With increasing system size the value of γ for critical damping decreases, that is for equal system-environment interaction strength, a larger system will be increasingly over-damped, eliminating the oscillations for short time-scales.
Examining the coherence and entanglement measures (as shown in Fig. 7) , we also see the effects of overdamping with increased system size. However, we also observe a secondary size effect: while N = 4 and N = 8 are in the under-damped regime, the introduction of spinorbit coupling has a strong effect on the coherence measure. For N = 12 this effect is damped out. Spin-orbit coupling therefore enhances coherences in the underdamped regime (N = 4, 8) on short time scales τ < 1. Similarly, increasing system size increases the effect of environmental damping on the coherence. Regardless of size and spin-orbit coupling, all curves show a decay of coherence to about 20% of their initial value by τ = 1. The black curve indicates the theoretical upper bound for N = 12 and A/J = 0 from Eq. (35). We can see that for both very early and long times the upper bound reproduces the behaviour of the coherence measure, while it decays more rapidly for intermediate times, indicating that off-diagonal terms with decay rates larger than γ/2 have an increased effect. The discrepancy for A/J = 1 for short times is solely due to the spin-orbit coupling. For long τ this effect is damped out and, in fact, becomes less important for longer chains, in line with a cross-over into the over-damped regime with increasing N .
The entanglement, on the other hand, is much more robust to effects of spin-orbit coupling. Only for τ > 0.5 does a faster decrease becomes evident with increasing A. Spin-orbit coupling therefore seems to increase the coherence on early timescales, but enhances unentanglement of the two half-chains. Again, for long time scales the interaction with the environment becomes dominant, leading to a vanishing of any other effects.
C. Triplet-Triplet Population
All of the effects observed above indicate a rapid and persistent decoherence and unentanglement of the states on the two half-chains. We can also investigate how the populations of states evolve. In particular, we are interested in the population of those states that have a triplettriplet character and whether or not they are paired in an overall singlet-state. We can project the full density matrix of the system onto the triplet-triplet subspace by defining the projected density operator where we have suppressed the direct products for clarity. We can define a similar projector for the singlet-singlet (SS) manifold. Fig. 8 shows the evolution of different populations for N = 4 with no and strong spin-orbit coupling. We see that the monotonic decay of the 1 (T · · · T) population associated with a decay in the singlet population on the full chain for the A/J = 0 case; and oscillating behaviour which is damped out for long τ for A/J = 1. For long times these two curves (i.e.S and 1 (T · · · T)) become distinct, indicating an overall-singlet population without 1 (T · · · T) character.
Similarly, we see a decay in the triplet-triplet population, but to a lesser extent than the decay in the 1 (T · · · T) population. This indicates a population of higher-spin triplet-triplet states. We see an increase in singlet-singlet states, which becomes identical to the population of the 1 (T · · · T) state. This implies that the TT states contributing to the 1 (T · · · T) population decay into higher-spin TT states or the SS contribution. Spin-orbit coupling (as shown in Fig. 8(b) ) increases the population of the TT manifold even further, while also reducing the 1 (T · · · T) population, leading to a higher population of high-spin TT states. Fig. 9 shows the same plots for the larger system of N = 8. We see similar trends for the case of A = 0, although the 1 (T · · · T) population is further depleted and the population of the TT manifold is stable for short timescales before increasing slightly. The introduction of spin-orbit coupling has a dramatic effect on this picture. The 1 (T · · · T) population decreases sharply with τ , while the TT manifold is relatively stable, but showing oscillations around τ = 0.5. The onset and decay of these oscillations corresponds to the increase and then decay of the coherence, as depicted above, highlighting the spinorbit coupling nature of this effect. A large proportion of population populates high-spin states at the end of the evolution.
Finally, Fig. 10 shows the same for N = 12. As we have entered the over-damped regime, no oscillations can be seen any more, with all other trends as above. The spin-orbit coupling has a small effect on the long-τ populations of the TT and S manifolds, both decreasing due to the increased number of states accessible.
V. DISCUSSION AND OUTLOOK
A. Discussion
Collecting the information from the numerical simulations we can see the following: 2. The total spin and magnetisation increase on the same time scale, t γ −1 .
3. Under dephasing spin chains will populate highspin states, which increases the value of S 2 .
4. The population of the 1 (T · · · T) state decays into SS states and high spin states.
5.
Spin-orbit coupling enhances and accelerates all of the effects with the exception of decoherence, which behaves non-monotonically.
All the results here can be understood in terms of the steady states of the Lindblad master-equation. As justified in Section III, all steady states attainable are diagonal, i.e. we achieve a statistical mixture of all states that conserve certain quantities. Without spin-orbit coupling these are all states with M S = 0. The dephasing will lead to an equal population of all of these states, leading to an increase of S 2 with a value of 2 per four sites in the chain. Simultaneously, all off-diagonal elements of the density matrix decay over time, due to damping induced by the environmental interaction. This leads to a decay in coherence and entanglement within the system.
The introduction of spin-orbit coupling in the system lifts the restriction of states with M S = 0. The coupling itself can link states in steps of M S = ±2, leading to a larger number of high-spin states becoming available, and therefore enhancing all the processes described above. Spin-orbit coupling also has a non-monotonic effect on observables, namely on S z and the population of states and manifolds, as well as coherence. This nonmonotonicity, induced by the same effect, implies some functional link between the observables and the coherence measure. Linking this proxy to the quantum effect measure will be the basis for future research.
The rapid decay of coherence and entanglement accompanied with depletion of low-spin state population on the same time-scale of t = γ −1 allows us to theoretically define triplet-triplet decoherence in singlet fission.
In this work we have modelled the interaction of the system (in this case, representing a single polyene chain) with its environment via the Lindblad master equation. To model transverse relaxation (i.e., a dephasing process) we have taken the Lindblad operator to beŜ z m / . As shown by Eq. (17), this formulation leads to a realistic equation of motion for the relevant observable, whereby it undergoes damping as a consequence of the system-environment coupling. However, an unphysical consequence of this choice of dissipator is that it leads to detailed balance with an effectively infinite temperature. Thus, the system's steady state is an infinite temperature equilibrium distribution over the accessible states. We note, however, that decoherence and the loss of entanglement occur on timescales ∼ T 2 , i.e., before equilibrium is established. Thus, we anticipate that our description of these processes remains qualitatively correct for any kind of environmental interaction.
B. Summary and Outlook
We have presented numerical and theoretical studies on a uniform Heisenberg spin chain to model singlet fission in carotenoids by interactions with a dephasing environment, taking into account spin-orbit coupling. Both interactions lead to a loss of coherence and entanglement between half-chains. Simultaneously, an increase of the total spin on the same timescale can be observed and in the presence of spin-orbit coupling also an increase of total magnetisation. All these effects show that for efficient singlet-fission in a spin chain, a strong environmental dephasing interaction is beneficial.
Future work will extend the model to larger systems by using different techniques to solve the model Hamiltonian, such as density matrix renormalization group techniques. The introduction of disorder into the model will also be investigated, as well as the coupling to nuclear motion of the underlying atomic framework, and the interaction between multiple chains. In parallel, the theory linking observables to quantum measures will be developed further.
Other forms of the dissipator in the Lindbald formalism or a different form of master equation will also be investigated. By adapting the Lindblad operator it may be possible to establish detailed balance at finite temperature, making our long-time simulations more realistic. Similarly, changing the master equation (for instance using a Redfield equation) may allow for a more physical long-time behaviour.
The influence of external magnetic fields on the effects discussed here will also be investigated. Understanding how observables and the degree of entanglement and coherence between half-chains change under the influence of external fields will allow for the design of novel spectroscopic probes of singlet fission.
which is also an incoherent state. For the spin-flip operations we find,
where |i m↑ is the state |i with the spin on site m flipped from β to α, if possible. Naturally, some of these states will vanish, but that does not impact the generality of the preceding derivation. 
